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INTRODUCTION 
In recent paper [1] Nayfeh and Chimenti presented the analysis of the 
propagation of free waves in a general anisotropic plate. Closed form secular 
equations which isolate the mathematical conditions for symmetric and antisymmetric 
wave mode propagation in completely separate terms were obtained. By paralleling 
the procedure of Nayfeh and Chimenti [1], Nayfeh and Chien [2] presented exact 
solutions for the interaction of elastic waves with fluid-loaded piezoelectric plates. 
The technique used was shown to formally handle the most general anisotropy (i.e. 
the triclinic) case. The plate was immersed in liquid and incident waves impinged 
upon it from the liquid at arbitrary polar and azimuthal angles. Simple exact 
analytical expressions were derived for the reflection and transmission coefficients of 
different electric boundary conditions, namely open and shorted, from which 
important propagation characteristics are identified. For general discussions of 
piezoelectric effects we refer the reader to the standard books of Auld [3], Cady [4], 
and Tiersten [5]. 
In what follows we present an analytical treatment and experimental 
measurements of guided wave propagation in piezoelectric plates. In the theoretical 
analysis, plates are allowed to accommodate as low as monoclinic symmetry. The 
analysis proceeds from the assumption of general linear elasticity in the presence of 
piezoelectric coupling. The plate is assumed to be immersed in an ideal fluid which 
couples incident and reflected waves to the plate. Reflection and transmission 
coefficients are derived for both types of electrical boundary conditions - continuity of 
electrical potential at the fluid-solid interface or zero potential. Such expressions 
contain, as a by-product, the secular equation for the guided wave propagation on the 
piezoelectric plates and pertain to both the symmetric and antisymmetric modes. 
Experiments are performed by observing the reflected wave amplitude, as a function 
of frequency, in 2-transducer ultrasonic studies with the variations of incident and 
azimuthal angles. Reflection coefficients for an Xl-cut lithium niobate (LiNb03 ) plate 
are reported and are compared with that from theoretical calculations. From the 
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results of reflection coefficient, the theoretical dispersion curves are constructed and 
also compared with experimental data. These curves demonstrate behavior peculiar 
to piezoelectric materials. 
THEORETICAL DEVELOPMENT 
Consider an infinite generally piezoelectric plate having the thickness d and 
oriented such that its middle surface coincide with the plane XI-X2 and is normal to 
the x3-axis. With respect to this coordinate system, the coupled piezoelectric field 
equations are given by the equations of motion and electrostatic charge 
and the associated constitutive relations 
where Tij representing the mechanical stresses, Sij the strains, Ciik£ the elastic 
stiffness constants, ekij the piezoelectric stress constants, fki the dielectric 
permittivities, Ui the mechanical displacements, Ek the electric field, 1> the scalar 
potential, Dk the electric displacements, and p the material density, respectively. 
ANALYSIS 
(1) 
(2) 
Formally, we can proceed to analyze the most general piezoelectric plate (the 
triclinic one) whose constitutive relations has 21 elastic constants, 9 dielectric 
permittivities and 18 piezoelectric coupling constants. This can be done by direct 
extension of the elastic case treated in [IJ. However, the expressions will be 
algebraically complicated and their utility will be numerically limited. For the slightly 
more symmetric materials, i.e, the monoclinic ones, dramatic simplifications in the 
final expressions can be achieved. Two classes of such materials exist, namely mono-2 
or mono-m groups. The purely elastic and electric portions for both groups are 
identical whereas the piezoelectric portions are different as the following, respectively, 
o 0 e14 el5 
o 0 e24 e25 
e32 e33 0 0 
o 
o 
Here the contracting subscript notation 1 -7 11, 2 -7 22, 3 -7 33, 4 -7 23, 5 -7 13, and 
6 -7 12 are used to relate Cpq and ekp to Cijkt and ekij, respectively (p, q = 1,2, ... ,6 
and i,j, k = 1,2,3). The vanishing entries in one correspond to the nonvanishing 
entries of the other, i.e, there are no common nonvanishing coupling terms. Due to 
that such unique properties have important consequences in the manner in which the 
various wave components interact, therefore, both cases need to be treated separately. 
It is expected that, upon presenting solutions for one case, results for the second case 
will be identified by inspection. Since a Xl-cut lithium niobate (LiNb03 ) plate, a 
mono-m symmetry, is used as an example, we shall proceed to analyze the case of 
mono-m case. 
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Mono-m class 
The dynamic field has generally three nonzero spatial displacement components UI, 
U2, and U3 corresponding to longitudinal wave (P) along the xraxis, horizontally and 
vertically polarized transverse waves (SH and SV), respectively, and one electric 
potential r/>. In the absence of material symmetry these four wave components will 
couple together lending to a complicated response of the plate. If plane waves 
propagating along the xl-direction are independent of X2, a formal solution for 
Ui, i = 1,2,3, and r/> can be written as 
( -1,) (1 V W "')U ie(Xl +C<X3-ct ) Ub U2, U3, 'I' = , , , '" exp , (3) 
where ~ and c are wavenumber and phase velocity, 0' is still an unknown parameter, 
and (U, V, W, <I» are constant amplitudes. Substituting Eq. (3) into Eq. (1) yields four 
linear homogeneous coupled equations 
m,n=1,2,3,4, 
where the summation convention holds and where, for convenience, we used the 
notation Un = (U, V, W, <I» T and f nm = f mn with 
fll = Cll - pc2 + Css0'2, f22 = C 66 - pc2 + C440'2, 
f33 = Css - pc2 + C330'2, f44 = -Ell - E330'Z 
f lZ = Cl6 + C4S0'2, fl4 = e3S + ell 0'2 
f l3 = (C13 + Css)O', f24 = e16 + e340'2 
fZ3 = (C36 + C4S )0', f34 = (e13 + e3S )0'. 
(4) 
(5) 
Nontrivial solutions for Un demand the vanishing of the determinant in Eq. (4) 
and yield an eighth-degree polynomial equation in 0' as 
(6) 
which is a characteristic equation relating 0' to c and whose coefficients AI, Az, A3 , 
and A4 are listed in Appendix A under mono-m class [2]. Equation (6) now admits 
four solutions for 0'2 and hence leads to eight solutions which are restricted such that 
O'q = -O'q+1, q = 1,3,5,7. For each O'q we can use Eq. (4) to relate the amplitude 
ratios [2]. Using superposition and the amplitude ratios, we obtain the formal 
solutions 
[ u, Uz U3 :J 8 [ ;" Vq Wq ., 1 =2::: Ulq expie(Xl+"X3-ct) , 1'33 T 13 T 23 q=l D zq D 3q D 4q 
where 
D 1q C13 + C 36 Vq + C 330'qWq + e13<I>q 
D zq CssO'q + C 4S O'q Vq + Css Wq + e3SO'q<I>q 
D 3q C 45 0'q + C 44 0'q Vq + C 45 Wq + e340'q<I>q 
D 4q e350'q + e340'q Vq + e35Wq - E330'q<I>q 
and Tj3 = Tj3/i~, j = 1,2,3, and D3 = D3/i( With reference to the relations of 0' 
and by inspection of Eqs. (7)-(9) we recognize the restrictions 
(7) 
(8) 
V5=V5+1, Wj =-Wj +1, <I>j= <I>j+l, (9) 
D 1j = D1j+l,Dzj = -DZj+l,D3j = -D3j+l,D1j = -D,Ij+I,j = 1,3,.5,7. 
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Derivation of The Reflection and Transmission Coefficients 
Recognizing that the fluid does not support shear deformation and piezoelectric 
potential, its formal solutions can be identified from those pertaining to the solid, 
namely (7) as follows: If the wave is assumed to be incident and hence reflected in the 
upper fluid and transmitted into the lower fluid, then using similar analysis to that of 
the plate yields, for the upper fluid [1], 
2 
( U U T )" - "'(lOW" itp C2)U" expie[x,+(-I)P+'<>IXa-ctj Ut, 2, 3, 33 - L...J " q'" f P (10) 
p=l 
and for the lower fluid 
(Ul, U2, U3, T33)b = (1,0, W;, iePJc2)U; expie[x'+<>/(X3-d)-ctj (11) 
where W~ = a" W~ = -a" aJ = JC2/C} -1, and CJ = JAJ/PJ. Here, the 
superscripts U and l representing the upper and the lower fluids, respectively. Notice 
the vanishing (non-existence) of shear displacement component U2 and the electric 
potential ¢i in both the upper and lower fluids. 
By invoking the continuity of the normal displacements and stresses and setting 
the solid shear stresses, Tl3 and T23, and the electric potential ¢i equal to zero at the 
interfaces X3 = ±d/2, we obtain, for a given incident amplitude U~, a system of ten 
linear simultaneous equations for the amplitudes U~, Ul , U1q , where q = 1, ... ,8. 
Solving these equations with the help of the ratio relations and Eqs. (7)-(9), after 
rather lengthy algebraic reductions and manipulations, we obtain the following 
expressions for the reflection and the transmission coefficients of the shorted case 
where 
Y 
Y' 
S 
A 
<I>3T3 
G1= D23 
D33 
<I>lTI 
G5 = D2l 
D3l 
R = (AS - YY')/(S + iY')(A - iY) 
T i(SY' + AY)/(S + iY')(A - iY) 
(W1G1 - W3G3 + W5G5 - W7G7)pJc2/aJ 
(WIG~ - W3G; + WsG~ - W7G~)PJc2/aJ 
DllG~T; - Dl3G;T; + Dl5G~T; - Dl7G;T; 
DllGlTl - Dl3G3T3 + D15GsTS - Dl7G7T7 
<I>sTs <I>7T7 <I>ITI <I>ST5 <I>7T7 
D2S D27 G3 = D2l D2S D27 
D35 D37 D3l D35 D37 
<I>3T3 <I>7T7 <I>lTI <I>3n <I>sTs 
D23 D27 G7 = D21 D23 D2S 
D33 D37 D3l D33 D35 
(12) 
(13) 
(14) 
(15) 
and Tj = tanhaj) and T; = I/Tj with, = ed/2 and j = 1,3,5,7. For an open 
electric boundary condition with D3 vanishing on the both plate's surfaces, the 
reflection and transmission coefficients keep the same expressions except that <I>jTj in 
G matrices are replaced by D4j , and Y = Y' and G = G'. By following the identical 
steps to those given above for the mono-m case, one can easily derive the results for 
the mono-2 case [2]. 
So far we have casted the expressions of the reflection and transmission 
coefficients (12) and (13) in our standard form which we derived earlier [1, 2]. The 
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Fig. 1 Experimental geometry of ultrasonic reflection measurements in plate. 
only differences are in the new definitions of the parameters S, A, Y, and Y'. In 
general, the number of terms appearing in the expression of S (or A) reflect the 
number of contributing types of waves. In the present case four terms are present 
which represent the contributions of one longitudinal, two shear and one electric 
potential components of the waves. It should be understood that each of these terms 
depends upon characteristics of the four wave components through the coupled 
solutions of various a's in Eq. (6). 
Characteristic Equations 
The expressions of (12) and (13) for the reflection and the transmission coefficients for 
the mono-m plate contain, as a by-product, the characteristic equation for the 
propagation of modified (leaky) guided waves in the piezoelectric plate with shorted 
electric boundary condition. Setting either denominator equals to zero, namely 
(S + iY')(A - iY) = 0, (16) 
defines the characteristic equations for such waves, where the vanishing of the first 
term corresponds to symmetric mode and the second to antisymmetric one. In the 
absence of the fluid, i.e. for p (or Y and Y') = 0, Eq. (16) reduces to SA = ° which is 
the characteristic equation for Lamb-like waves in the piezoelectric plate. 
The above remarks apply equally well to the mono-m case with an open electric 
boundary condition whose free waves characteristic equation is deduced from Eq. (12) 
as 
(S + iY)(A - iY) = 0, (17) 
with the appropriated definitions of the various parameters as given in Eqs. (14). 
EXPERIMENTAL TECHNIQUE 
The inference of guided wave characteristics by measurement of ultrasonic 
reflection of a fluid-loaded plate is a well established technique [1, 6]. A sound beam 
from a piston radiator is directed onto the surface of the piezoelectric plate at the 
incident angle 0;, as shown in Fig. 1. A matched receiver is then positioned on the 
opposite side of the plate normal to intercept the reflected beam so as to optimize the 
detection of the plate wave modes, ta.king a.dvantage of the nonspecular reflection 
behavior near the conditions for plate mode propagation. The excitation signal, 
consisting of long rf tone bursts, is applied to the transmitter at intervals of about 
1 ms. The rf spectral response is examined by stepping the frequency in 10 kHz 
intervals and recording the resulting receiver amplitude. This process is repeated over 
the range shown in Figs. 2 and 3. The only signal processing step applied is a 
normalization to remove the transducer response. Then, the results are compared to 
the theoretical predictions. 
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The sample for this study is a Xl-cut LiNb03 crystal 75 mm in diameter and 
1.16 mm thick, optically polished on both surfaces. Measurements have been made at 
incident angles from 10° to 40°. The incident plane, containing the propagating plate 
wave, is also stepped from the -X3 direction (designated III = 0°) to the +X2 
(designated III = 90°). For each experiment care is taken to insure accurate sample 
alignment, azimuthal angle, and incident angle. The receiver signal is amplified, video 
detected, and sampled with a gated integrating amplifier, whose analog output is read 
by a DVM. All relevant instruments in the experiment are under computer control 
during the data acquisition. 
DISCUSSIONS AND NUMERICAL ILLUSTRATIONS 
In this section, we illustrate the analytical results derived above for a Xl-cut 
LiNb03 plate, a trigonal-3m symmetry, whose material properties are collected below: 
Cll = C33 = 203.0 GN/m2 , C22 = 242.4 GN/m2 , C13 = 57.3 GN/m2 , 
C12 = C23 = 75.2 GN/m2 , C16 = -C36 = -C45 = 8.5 GN/m2 , 
C44 = C66 = 59.5 GN/m2 , C55 = 72.8 GN/m2 , 
e16 = e34 = 3.83 C /m2 , e13 = -ell = e35 = 2.37 C /m2 , 
e2l = e23 = 0.23 C/m2 , e33 = 1.80 C/m2 , 
/'11 = /'33 = 392 IlF/m, /'22 = 247 IlF/m, p = 4.7 g/cm3 . 
Its material properties populate as a mono-m if wave is propagating off the principle 
axes. The azimuthal angle is fixed along III = 45°. Noting that the piezoelectric effect 
can be numerically turned off, therefore, there are three cases, namely elastic, shorted, 
and open cases for theoretical results. 
The reflection coefficients for shorted and open cases are calculated from 
Eqs. (16) and (17), while that for elastic case is referred from Ref. [1]. 
Figures 2(a)-(b) show the reflection coefficient spectra ofaxrcut LiNb03 plate, with 
8 = 10°, 14°, 22°, and 30°, for shorted and open cases, respectively. Numerical results 
are given by solid lines while experimental data are given by dashed line. The sharp 
dips indicate the propagation of plate modes [1,2]. The dips of experimental data 
stay in between that of theoretical results for shorted and open cases which may due 
to that the distilled water used in experiment is not perfectly electron free. Further 
examining the results, dips in experiment are closer to that in shorted case for lower 
Fd and are closer to that in open case if Fd is higher. 
By collecting the Fd of each dip in the reflection coefficients with various 
incident angle, the phase velocity dispersion curves are constructed for both 
theoretical results and experimental data. Figures 3(a)-(c) show the dispersion curves 
for elastic, shorted, and open cases, respectively. Solid lines are theoretical results and 
cross symbols are experimental data. The piezoelectric effect tends to stiffen the 
material and shifts the dispersion curves to higher Fd under the same incident angle. 
The amount of shifting depends on the material piezoelectricity and the mode. Open 
case shifts the curves to higher Fd more than the shorted case does which may causes 
by the additional constraint on the surfaces. 
CONCLUSION 
We have presented the problem of guided elastic wave propagation in 
piezoelectric plates. Considering monoclinic symmetry material plates, we derived 
exact analytical expressions for the reflection and transmission coefficients and the 
associated dispersion equations for guided waves. These equations are written in 
simple and completely separate terms pertaining to symmetric and antisymmetric 
modes. It is found that piezoelectric coupling, as well as water, influence both types 
of modes. Higher symmetry, such as orthotropic, transverse isotropic and cubic, are 
contained implicitly in our analysis. Experiments were performed by observing the 
reflected wave amplitude, as a function of frequency, in 2-transducer ultrasonic 
studies with the variations of incident and azimuthal angles. Reflection coefficients for 
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Fig. 2 The reflection coefficients of a Xl-cut LiNb03 plate along \]I = 4,5 0 for (a) 
shorted and (b) open cases. Solid: theoretical results; dashed: experimental data. 
an XI'cut lithium niobate plate were reported and were compared with that from 
theoretical calculations. From the results of reflection coefficient, the experimental 
dispersion curves are constructed and also compared with theoretical results. These 
curves demonstrate behavior peculiar to piezoelectric materials. 
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Fig. 3 The dispersion curves ofaxrcut LiNb03 plate along W = 4.5° for (a) 
elastic, (b) shorted, and (c) open cases. Solid: antisymmetric modes; dashed: 
symmetric modes; cross: experimental data. 
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